Lattice thermal conductivity in a silicon nanowire with square cross section J. Appl. Phys. 100, 014305 (2006) The effects of surface stress on the lattice thermal conductivity are investigated for a silicon nanowire. A phonon dispersion relation is derived based on a continuum approach for a nanowire under surface stress. The phonon Boltzmann equation and the relaxation time are employed to calculate the lattice thermal conductivity. Surface stress, which has a significant influence on the phonon dispersion and thus the Debye temperature, decreases the lattice thermal conductivity. The conductivity varies with changing surface stress, e.g., due to adsorption layers and material coatings. This suggests a phonon engineering approach to tune the conductivity of nanomaterials.
I. INTRODUCTION
Low-dimensional systems, such as silicon (Si) nanowires, display unique mechanical, electrical and optical properties that are not displayed by their bulk counterparts. 1, 2 The smaller feature sizes of devices based on these nanostructures also lead to thermal management issues, e.g., due to the increase in the power dissipation per unit surface area, or the need to reduce the phonon thermal conductivity in thermoelectric devices. Thus, strategies to tune the thermal conductivity of nanomaterials can help optimize the performance and reliability of nanoscale devices. 3 The thermal conductivity can be decreased by doping a material (i.e., by substituting atoms of another element in its lattice) or by increasing the phonon scattering. 4 Phonon engineering approaches, such as those that control and manipulate the phonon group velocity, and the polarization and density of states, also influence the thermal properties of a device. 5 These approaches can involve the spatial confinement and boundary scattering of phonons in quantum wells, 6 and variations in the cross sectional geometry of nanowires. 3, 7 The phonon properties of a nanostructure, such as a nanowire, 8 can be tailored through a proper selection of acoustically mismatched materials. [9] [10] [11] [12] [13] The surface roughness of a nanowire can also significantly influence its thermal conductivity. 14, 15 For instance, the room temperature phonon thermal conductivity has been reported to be reduced for roughened silicon nanowires to 1.6 W m À1 K À1 from the corresponding bulk value of 150 W m À1 K À1 (Ref. 14) . When mechanical stress is varied in confined nanostructures, this alters the velocity of acoustic waves. 16 Hence, it should be possible to also employ such a variation for phonon engineering. The acoustoelastic effect that the stress produces is negligible in bulk materials where its values are typically below %100 MPa. These account for only a 0.1% change in the phase velocity of acoustic waves. 17 A considerably larger stress, e.g., as much as 1 GPa, can arise in layered nanostructures through surface intermolecular forces when there is a misfit between the film and substrate lattices. This larger stress can induce much more significant changes in the phonon phase velocity.
The different coordination of atoms on the surface of a material with those inside it leads to a redistributed charge density below the surface. 18 As the charges rearrange in response to missing atoms, the resulting net forces on the surface atoms induce surface stress. The stress depends on the electronic structure of the material and the crystallographic orientation of its surface. Depending on the bond strengths between the surface and neighboring atoms, surface stress can be either tensile or compressive. Atoms on the topmost surface layer of a lattice are subject to tensile surface stress when they attract one another and tend to shrink the surface. 18 In other words, surface stress in a thin film system can occur due to the adsorption of atoms or molecules on surfaces. 19, 20 Surface stress can be modeled as an external loading on the free end of a beam, 21 or by distributing a load along it. 21, 22 The influence of stress on the natural frequency of the beam, 19, 20, 23, 24 its stiffness, 25 and deformation 20 can, in turn, be used to tune other physical properties through secondary effects. Examples include the surface wave velocity, and electrical and thermal conductivities.
The literature does not discuss the influence of surface stress on phonon dispersion. Therefore, its consequences for a silicon nanowire, which is a promising nanoelectronic and thermoelectric material, 26 are investigated. The phonon wavelength is assumed to be much longer than the lattice constant (which represents the characteristic distance between atoms) for acoustic phonons in the sub-THz frequency range. For such cases, the macroscopic theory of wave scattering from rough surfaces is in good agreement with the acoustic phonon-interface interaction method. 27 We employ this continuum approach to understand how modifications of acoustic phonon dispersion by the surface stress in nanostructures can alter the phonon thermal conductivity. Longitudinal and flexural wave propagations due to surface stress have also been previously investigated in nanofibers within a continuum framework. 28,29 a) Author to whom correspondence should be addressed. Electronic mail: ikpuri@vt.edu. The equations of elastic vibration in an isotropic medium are
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where k denotes Lamé's first parameter, q mass density, l Lamé's second parameter,h ¼ e ii ¼ u i;i , and
. Differentiating Eq. (1) with respect to x i and summing over i provides a wave equation for the dilatationh,
where
denotes the wave speed. For a structure undergoing rotation w i about its axis x i , w i ¼ À1=2e ijk u k;j . In terms of the rotations w i , Eq. (1) may be written in the form
, where the Poisson's ratio m relates the two types of bulk waves in an isotropic elastic media, one associated with volumetric changes and the other with shear motion.
A wave traveling with a velocity c a is a dilatational or primary wave (P-wave) while that with a velocity c b is the shear or secondary wave (S-wave). Considering the wave propagation of a plane wave along the x 1 axis, Here, the primes denote differentiation with respect to s 1 . The above equations can be also written as
Employing the identities r 2 u ¼ r r:u ð ÞÀrÂ rÂu ð Þand qu; tt ¼ k þ 2l ð Þr r:u ð ÞÀlr Â r Â u ð Þ, we next consider an axially symmetric compression wave in an infinite rod for which u r ¼ u r r; z; t ð Þ; u z ¼ u z r; z; t ð Þ; and u h ¼ 0:
The displacement equations for cylindrical waves provide the relations
and
With w ¼ 0 in Eq. (7), the displacements are described through the relations
whereṽ ¼ lv. The stresses involved in the boundary conditions are r rr ¼ k=c
We assume the solutions to these equations to be of the form
The boundary conditions at the traction-free surface r ¼ a must equal zero, i.e., r rr ¼ r rz ¼ 0. Substituting Eq. (10) into Eq. (9),
A and B are eliminated by taking the conditions at r ¼ a to obtain the Pochhammer equation, i.e.,
Next, we consider the nanowire under surface stress (tension) to be governed by the Euler-Bernoulli beam equation,
where E denotes the Young's modulus, R the nanowire radius, and r the surface stress. The value of u z obtained from Eq. (8) must satisfy Eq. (13), or,
where R ¼ a and r rr vanishes for the free-surfaces at the ends. Hence,
Based on Eqs. (14) and (15), we obtain the dispersion relation,
and b ¼ g b a in terms of dimensionless parameters, Eq. (16) assumes the form,
B. Calculation of the lattice thermal conductivity
Acoustic phonon relaxation can be modeled in resistive processes by considering three-phonon Umklapp scattering, mass-difference scattering, boundary scattering, and phononelectron scattering. 31 The combined scattering relaxation rate can be determined from Matthiessen's rule,
where 1=s U , 1=s M , 1=s PhÀe , and 1=s B are the phonon relaxation rates for the three-phonon Umklapp, mass-difference (due to impurities), phonon-electron, and boundary scattering processes, respectively. The Umklapp scattering rate,
where c denotes the Grüneisen anharmonicity parameter, l the shear modulus, V 0 the volume per atom and x D the Debye frequency. The phonon relaxation rate for point defects,
where C denotes the measure of the strength of the pointdefect scattering, V the phonon group velocity, f i the relative concentration of the ith atoms, M ¼ P i f i M i the average atomic mass, and M i the mass of the i-th impurity atom. The relaxation frequency for the intravalley and intervalley interactions between electrons and phonons,
where m Ã denotes the electron effective mass, n e the concentration of conduction electrons, and e 1 the deformation potential. The frequency based on the geometrical sample size is
where D denotes the nanowire diameter, and p describes the probability that a phonon is subjected to a specular scattering at the interface. 31 It characterizes boundary scattering effects due to the interface roughness. The boundary scattering rate is zero when there is purely specular scattering, or p ¼ 1, and for purely diffuse scattering p ¼ 0. Purely specular scattering (p ¼ 1) refers to an idealized case when all phonons travel through the nanowire without any boundary reflections. For p ¼ 0, all phonons are scattered at the interface.
The Klemens-Callaway's expression provides the lattice thermal conductivity in a nanowire,
where k B denotes the Boltzmann constant, h the Planck constant, T the temperature, h D the Debye temperature, s c the combined phonon relaxation time derived from Eq. (18), and x ¼ hx=k B T. To characterize the influence of the interface roughness on the phonon-boundary scattering, p represents the probability that the phonon is subject to a specular scattering event at the interface. Hence, (1-p) is the probability that a phonon undergoes diffuse scattering. Thus, for a nanowire, the lattice thermal conductivity j wire l can be expressed in terms of the bulk thermal conductivity j l as,
The deviation of the thermal conductivity from its bulk value,
where g denotes the ratio between the wire diameter D and the phonon mean free path K; i.e.,
The function
Substituting Eqs. (25)- (28) in Eq. (23) and using Eq. (24),
For purely specular scattering, p ! 1 and G ! 0. Hence, j l equals the thermal conductivity from by Eq. (24) with Dj 
III. RESULTS AND DISCUSSIONS
We select nanowires of 2 and 4 nm diameters to investigate surface stress effects on phonon dispersion. While silicon pillars as small as 2 nm in diameter have been successfully fabricated using stress-limited oxidation, 32 a nanowire of such small dimensions is not typically freestanding. Our intention in proposing an ultrathin nanowire is to exhibit the interesting influence of surface stress on thermal conductivity, e.g., on a thin surface coated with another material (that induces surface stress), which helps in conceptualizing and clarifying stress effects.
The material parameters for a semiconductor nanowire are taken to be Thus, we use E ¼ 18 GPa in the dispersion relations for 2 and 4 nm diameter nanowires. Figure 1 presents this relation for acoustic phonons in a freestanding 2 nm diameter silicon nanowire. The dispersion is linear for very small values of k for the first branch. This is called the acoustic branch since its dispersion relation has the form x ¼ ck for small k, where c denotes the sound velocity. Here, the group velocity of the first branch (or the slope of the curve at small values of phonon energy) nearly coincides with the sound velocity in the bulk material. Each phonon dispersion branch corresponds to a longitudinal vibration mode for the nanowire. Changing the surface stress for the larger diameter nanowire does not diminish the energy as significantly. This can be explained by considering the decrease in the surface area to volume ratio as the characteristic object size increases, which greatly decreases the global influence of the surface stress. These results also show that phonon dispersion can be modified through surface stress, more significantly so for nanowires of smaller diameters.
A thermal resistance is produced when the phonon momentum is not conserved. This can occur through phonon scattering due to (1) impurities, defects, boundary surfaces, and electrons, and (2) phonon-phonon Umklapp processes when two phonons merge into one or a single phonon splits into two. Since longitudinal phonons usually contain more energy than transverse ones, the former can decay either into a longitudinal and a transverse phonon, or into two transverse phonons. The resistance to thermal transport can be created through three such Umklapp processes. 34 These are described based on the phonon polarization, i.
where L and T refer to the longitudinal and transverse acoustic branches. 34 Such a mechanism has been theoretically predicted in zigzag single-walled carbon nanotubes. 35 Since a single phonon can split into two phonons, the longitudinal acoustic phonons in a stressed nanowire should also behave similarly. The shift in the first branch in Fig. 2 suggests that the phonon Umklapp scattering lowers the energy (or frequency) as the surface stress increases. However, as the nanowire diameter increases, phonon boundary scattering over the larger surface area dominates over Umklapp scattering. This is consistent with the literature which reports that the phonon dispersion relation of a silicon nanowire can be modified for diameter size below 10 nm due to reduced phonon group velocities and phonon confinement. 6, 7, 36 Equation (19) shows that the scattering rate due to Umklapp process is inversely proportional to the Debye temperature. When the phonon dispersion relation is modified, it changes this temperature. The cutoff wave number q D for an isotropic crystal with a lattice constant a is given by 4pq Eqs. (23)- (25) is therefore also expected to decrease as h D is reduced.
From Eq. (17), the difference E=l À 2mr=la significantly influences the first branch of the dispersion relation. Of these parameters, only r can be varied once a material and its dimensions are specified. The ratio E=l compares the Young's modulus to the phonon pressure l ¼ qc 2 b . A phonon is the quanta of energy associated with the vibrating atoms. The phonon frequency, thus the thermal energy, decreases when the volume of a material increases. While the phonon pressure tends to expand the material, its lattice is held together by internal forces (for which E is a measure of the material stiffness). The term 2mr=la compares the work done to stretch a unit area of the nanowire surface to that done by the acoustic phonons that travel transversely across the cross section of the nanowire. Another term in Eq. (17), kbx
ð Þis related to the material properties alone. Figure 3 presents the dispersion relations for a silicon nanowire in terms of the dimensionless parameters k Ã and x Ã . Three cases for which ratio 2mr=la is taken to be 0, 0.05, and 0.1, respectively, are represented by the dotted, solid, and dashed lines, whereas E=l ¼ 0.2 for all cases. Varying the surface stress through 2mr=la only influences the first branch notably. Increasing stress reduces the phonon energy for this branch. The averaged group velocity for all branches is smaller when the nanowire is subject to a larger stress because of the reduction in the slope of the first branch. As the surface stress increases, the energy difference between the first and the second phonon dispersion branches becomes larger, since the first branch now is associated with lower energy.
The lattice thermal conductivity can be calculated once the relationship between the phonon group velocity and phonon frequency is known. The averaged phonon group velocity can be determined by differentiating the dispersion relations. This can be used to determine the relaxation times for mass difference and boundary scattering as well as for acoustic phonons scattered by electrons from Eqs. (20)À (22) . Since each branch has different group velocities at different energies, contributions from all branches are required to calculate the average group velocity corresponding to a specific frequency x, namely,
Here, the group velocity of the n th mode V n ¼ dx n =dk As shown in Fig. 4 , the averaged group velocities for a silicon nanowire that does not experience surface stress are almost identical at small frequencies to the bulk material velocity c a ¼ 8,470 m s
À1
. As the frequency (or energy) increases, the group velocity for the stress-free nanowire first abruptly decreases and then increases before exhibiting a gradual decline. The group velocities for both stressed and stress-free nanowires are almost constant at smaller frequencies. Unsurprisingly, those for the nanowire with a 5 N m À1 stress are smaller, reflecting the decrease in the lattice thermal conductivity. However, unlike for the stress free nanowire, the group velocities for nanowire experience stress increase and fluctuate around 5000 m s
, eventually decreasing to 2000 m s
. This final value is below the transverse velocity c b ¼ 5,340 m s À1 in the bulk silicon. 31 This reflects how surface stress alters the phonon waves inside the nanostructure.
Once the group velocities are known, phonon scattering rates can be evaluated from Eqs. (19)-(22) . The material parameters taken from the literature for this calculation are listed in Table I . The scattering rates due to the three-phonon Umklapp, mass difference, boundary (for which the case of purely diffuse scattering, or p ¼ 0 is considered), and phonon-electron scattering mechanisms are expressed as a function of phonon frequency. The dominant low frequency mechanism is boundary scattering 1=s B ð Þ. The mass difference and Umklapp scattering both increase significantly at higher frequencies. Among these mechanisms, phonon-electron scattering rates are relatively small. Changes in the averaged group velocities for the stress free and stressed conditions also influence these differences in the scattering rates. Overall, a reduction in the group velocity decreases phonon relaxation, thus leading to a reduction in the lattice thermal conductivity.
Next, the parameter p is varied between zero and unity to characterize the influence of boundary scattering on the lattice thermal conductivity. For instance, a rougher boundary has a smaller p value than a smoother one. The variation in the lattice thermal conductivity with changing p is presented in Fig. 5 at 300 K. When p ¼ 0, this conductivity decreases when a 5 N m À1 surface stress is imposed to about 75% of its corresponding stress free value. As p increases, the thermal conductivities in the stress free and stressed nanowires both increase. However, influence of surface stress diminishes with increasing p so that Dj scattering so that boundary effects such as surface stress become less important. Once the phonon group velocity, the various relaxation times, and the Debye temperature and frequency are known, the lattice thermal conductivity can be calculated. Equations (20) and (22), show that a reduction in the averaged group velocity increases the mass difference scattering rate and decreases the boundary scattering rate. A reduction in the Debye frequency x D ð Þ increases the Umklapp scattering rate [Eq. (19) ], thus decreases the phonon relaxation time. Therefore, phonon dispersion is influenced by surface stress not only through a decrease in the averaged phonon group velocity, but also by a decrease in the Debye frequency and Debye temperature. All of these effects combine to reduce the thermal conductivity.
For sake of illustration, Fig. 6 (a) presents the variation in the thermal conductivity with changing temperature due to the Umklapp, mass difference and phonon-electron scattering mechanisms based on Eqs. (19)- (22) . We again assume that a 2 nm diameter silicon nanowire is either stress free or experiences a 5 N m À1 surface stress, and there is completely diffuse scattering, i.e., p ¼ 0 because of the very small diameter nanowire and the potential irregularities at the interface due to the surface stress. The thermal conductivities due to Umklapp scattering are the largest contributors for both conditions and decrease with increasing temperature. At 300 K, the thermal conductivity due to Umklapp processes drops from %55W m À1 K À1 (for the stress free case) to %28W m À1 K À1 (for the nanowire with surface stress). This stems from the reduction in the Debye temperature that leads to a smaller phonon relaxation time, as is apparent from Eq. (19) . Adding mass-difference scattering to the combined relaxation time s c decreases the overall conductivity, which is further diminished when phonon-electron scattering is also accounted for.
The associated lattice thermal conductivities for all mechanisms are presented in Fig. 6(b) when the boundary scattering is included. The dominant mechanism here is boundary scattering. It significantly reduces the thermal conductivity below the values attributed to the three mechanisms discussed in Fig. 6(a) . Thus, boundary scattering decreases the thermal conductivity by one and two orders of magnitude for the stress free and stressed nanowires, respectively. It is important to consider all scattering events considered in Eq. (18) to determine the combined phonon relaxation time s c ð Þ before calculating the thermal conductivity from Eq. (29) . The corresponding thermal conductivity is proportional to the integrated value of s c from zero to the upper limit that is the ratio between the Debye temperature and room temperature (300 K). Hence, decreasing s c results in a reduction in the overall thermal conductivity. Figure 6 (b) presents the lattice thermal conductivity as a function of temperature when p ¼ 0. The conductivity of the stressed nanowire increases with temperature but less significantly %300 K. The imposition of 5 N m À1 surface stress produces a large decrease in the thermal conductivity over the entire temperature range, which is a significant result. Our analysis can also be used to evaluate surface stress effects on the lattice thermal conductivity of a thin film. Surface stress can be generated on a clean surface or a thin film system, such as a nanowire, by coating it. The magnitude of the stress can be varied by selecting specific coating materials that induce different forces on the surface. Figure 3 shows that for a given nanostructure, the larger the surface stress is, the more it decreases the phonon frequency for a specified wavenumber. Thus, differing magnitudes of the stress produce different changes in the averaged group velocity and Debye temperature, leading to variations in the thermal conductivity as a function of stress.
Molecular dynamics (MD) simulations 38 have predicted the temperature dependence of the thermal conductivity of crystalline silicon and silicon core-shell nanowires that are 2-3 nm in diameter and compared with results obtained from the Boltzmann transport equation (BTE), and Allen and Feldmann (AF) theory. 38 The thermal conductivity predicted by all these approaches has values between 2-5 W m À1 K
. Our results, presented in Fig. 6(b) for p ¼ 0 at 300 K, are somewhat different. This is most likely due to the different values of various material parameters used to calculate the thermal conductivity, which for our case are reported in Table  I . Since values of some parameters are not reported in Ref. 38 , and since it is also possible that only some phonon relaxations were taken into account by that investigation, it is difficult to pinpoint the exact source of the discrepancy. Selecting p ¼ 0.6 at 300 K, the lattice thermal conductivity predicted by our model, shown in Fig. 5 , varies between 1-7 W m À1 K
for two cases, one with a 5 N m À1 surface stress and the other stress free. While this range is wide, it approximates the results obtained by MD, BTE, and AF þ BTE. 38 Figure 7 compares the thermal conductivities for 22, 37, 56, and 115 nm diameter wires with experimental measurements. 36 Our model assumes a 5 N m À1 surface stress and purely diffuse scattering (p ¼ 0). As mentioned earlier, the Young's modulus varies between 18 and 90 GPa for silicon nanowires. 33 Therefore, we assume E ¼ 32, 60, 80, and 80 GPa for the 22, 37, 56, and 115 nm diameter nanowires, respectively. The thermal conductivities of the smaller (22 and 37 nm) of these nanowires are in good agreement with experiments. However, discrepancies arise for the larger diameter nanowires because the major contributor to heat transport at these dimensions is now volumetric so that the influence of surface atoms diminishes. Thus, as is intuitive, surface stress has a much more significant influence on phonon transport for smaller diameter nanowires.
IV. CONCLUSION
Surface stress arises when thin films or surface atoms undergo dynamic structural changes, e.g., such as those in the density of atoms attached to a substrate. However, even a clean surface or a thin film can be subject to a stress that is generated from the redistributed charge density on its surface. We investigate the effect of surface stress on the lattice thermal conductivity in a silicon nanowire. Surface stress strongly influences the phonon dispersion although its effect diminishes in significance as the nanowire diameter increases. An applied surface stress reduces the averaged group velocities of phonons and the Debye temperature, thus increasing Umklapp phonon scattering and decreasing the overall phonon relaxation time. Phonon scattering also depends upon its specular fraction p, and decreases with increasing p. When surface stress is applied on a silicon nanowire, it reduces the material lattice thermal conductivity. This finding can be used for phonon engineering approaches that seek enhanced thermal management in nanostructures, and to optimize thermoelectric devices.
